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ZX’Y]HO( 1: 1 XWELXT YEWUETPIO TNG OXOVALXOTEUTIOG. ADO OCLUTTTWTIXG ETLTES X LEPY TOL YWEOL GLVY-
déovtor pe éva “Aotpd” 6 omoiog UTopel vor xavovtaTel vou elvor ptxpod “puixovs”.

1 TpoBAnpo

H ywpoypovixy] ox0LALXOTELUTIO ELVOL 1] TTAY] XWEOYEOVLXY] YEWUETOL
TTOL GUYIEEL BVO ATTOLAXPVOUEVES TTEPLOYXES TOL YWPEOL OL OTTOLES ElvorL
aAoLUTTWTLXA eTtiTedeg (OMA. 08 aPXETA PEYEAN amtbotaon oo To. oTh-
ULOL TNG OXOLALXOTPLTIOG, O XWEOS elval oyeddy emtimedog). Mo TétoLa
Yewpetpla paivetar oto Lynua 1. ATtéotoon oL SLavOEL XATTOLOG TTEQ-
VOYTOG OTTO T GTOULA TNG TEVTIOG, TTOPEL Vou Elvat TTOAD ULXPOTEEN Ttd
™Y ATOOTUON TWY CTOULWY TTOL SLAVVEL XUVELG EXTOS TNG OXOVALXOTOV-
oG OToTE, OEWENTIXE TOLAYLGTOY, UTTOPOVY Vo yonotporoinfody yio
oot / StayohoEroxa taEldia. 'H, 6Ttwe Qalvetol xot 6To oxNuUoL, vou
ETILXOLVWYNIOOVY TLEPLOYES TOL YWEOL TToL o Nty SLoPopeTind ooVVe-
TEC HETOED TOUG.

2y aoxnon ooty Oa peAeToovpE ULor TTOAD OTTAY] TETOLX YEWUE-
Toloe oto emimedo, xabwg xot Ty eAe¥bepn xivnom ocwpatidiov péoa oe
ovtn. H 3éa avt eivon doxnon oto BLBAio touv J. B. Hartle, “Gravity:
An Introduction to Einstein’s General Relativity”, Addison Wesley 2003,
Kegp. 7, Aox. 25. Tlaipvoovpe to emimedo xot opotpodue V0 dloxovg
oxTlvog R oL Tor XEVTPO TOVG ATEYOVY ATTOCTUON d OTTWG POLVETOL GTO
Zynuea 2. Tavtomolodpe Tor onuelo TwV XOXAWY €Tol WoTe To onueio 1
oTOY 0PLETEPS xVUXAO vo TawTiletal pe To onpeio 1 otov dekLd, To onuelo
2 pe 1o onpelo 2 x.0.x. O dVo xOxAoL Sivovtol amd TLG TTOPOLETOLKES



EX’YI]HOC 2: Am TEOTUTIO TG XWELXTG YEWUETPLA TNG OXOLALXOTPLTIOG TToL delyveTor oto LyAuo 1.
To cwpotidio xiveltar oe 6A0 T0 eTined6 extég amd Tovg dioxovg Tov €xovpe aalpéoel. O AoLpds TG
OXOVAXGTPUTAG TEPOTLTTOTTOLELTOL OTtd TOLG dVO xOxAovg x(0) = +d/2+ Rcosh, y(f) = Rsinf, —m <0 <7
o €xel UNSeVIxd UNXOG EXOVTOS TOUTIOEL To. aNUelor TOL YeLAOLG TNg oxovAxdTPLTEG. H TowTomoinon
Yivetor pe ovYxeXELUEVY POP& TauTiovTag Tor onueio pe T6 (dLo 6 €tol hote Ay. Ta onueio 1, 2, 3, xor 4 vou
tawTtilovtor (Lmopeite vo pavtooTnTe T yiveTtan o SLTAOOETE TO XOPTE XATd PR%0g TOL GEOVL TV Y %Ol
%0MoeTe Toug dV0 xOxAovg pali). To Bobiopa evdg owpottdiov péoo oTN OXOLAXGTELTIO XOL 1 ovEdvoTn
ot To GANO YeLAOG YiveTOL OTTWS QaiveToL Yo To dtavvopa U — T,

eklotroetg x(f) = d/2 + Rcos, y(f) = Rsinf, —1m < 6 < m yio. Tov Sekf
xOxho xow z(0) = —d/2 — Rcosf, y(#) = Rsinf, —m < 6 < 7 yio0 TOV
opLotepd. Toa onuelo pe o (3Lo € otouvg dVo xOxAovg tawtilovtal. ‘Eva
owpaTLo Tov Bubiletor 0TO APLOTEPO GTOWLO TNG OXOVALXOTOUTIOG [LE TOL-
YOTNTOL U avodVETOL Apedor ortd To OEl LE TaybLTNTH U1 OTTWG PoiveTo
oTo Zynpo 2.

1. T'pdupte mpdypoppor TOL Yo LTTOAOYLLEL TNY TEOYLE CWUATLILOL TTOL
voo xveltor oty yewpetpla Tov Zyxnuatog 2. Ta épta tng xivnong
elvar yioo —L/2 < 2 < L/2 xow —L/2 <y < L/2.0tay T0 00UATLO
BYeL EXTOG TWY TTOPATTAV®D 0PLWY YO TTAPETE TTEPLOOLXES GLVOPLOXES
ovvinxeg, OnA. va towtioeTe T onueior ToL ELOLYPAUUOL TUNULOTOG
x = —L/2 pe awtd o0 x = +L/2 x0tBdg oL avTd TOL ELOGY POV
TuApotog y = —L/2 pe avtd tov y = +L/2. O ypRotng Oo topéyet
TG TOPOUETEOVG R, d xal L xobdg xa Tig opytxég auvinxeg (xo, yo),
(vg, @) 6TOL Yy = vo(cos ¢T + sin ¢y). Oo divel eniong TG YEOVLXES
TAPAUETPOVS t; xal dt yia x{ynom oTo YP6vo oTo dldotnua t €
[to = 0, 4] ve PrApo dt.

2. X1 vewpetplo pe L = 20,d = 5, R = 1, oyedLtdote ™V TEOYLAL
Tov owpaTdlov ue (zo,yo) = (0,—1), (vo,¢) = (1,10°) pe ty = 40,
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dt = 0.05.

3. Bpeite TpoyLd oL Vo elvor *AELGTN YWELS VO TTEPVAEL ATt TOL AKX
lz| = L/2, |y| = L/2. Elva avth evatodng og mpog wixpés aAayég
TWY OPYLXWY GLYONUOY;

4. Bpeite GAAeg XAELOTEG TPOYLES TTOL TTEPVAVE UETO Ot ToL YELAN TNG
OXOLAXOTPLTIOG %ot EETAOTE av elvar evotabelc wg TEOG Uixpég
OAMNOYES TWY 0PYLXWY SLYONXWOY;

5. Ilpoabéote ato TEAYPOPUA GG TN BLYATOTNTO YO LTTOAOYLLEL TNV
omdoTAOY TTOL OLAVLoE To owlotidto. 'Eva cwpdtio Egxtvéel amd
™ 0éon (—x0,0) o xveiton TEog TNV 4+ Stevbuvon péypr T Héon
(z0,0) pe xg > R+ d/2. ZxedLdote aT0 YO OTL TNV TEOYLA TTOL AXO-
Aovbel xo LTOAOYIOTE TNV ATAOGTOGY TTOL SLAVVOE. ZTY] CLVEXELO
emBeBoLyoTe TOLG LTTOAOYLOLOVG GOG UE TO TTPOYPOLUA COG.

6. MetofdAlete TOo TPOYPOULE TOG €TOL WOTE OTa dxpoa x| = L/2,
ly| = L/2 10 owp.étio vo avaxAdtor ehaatixd. ETavaoyedidote Tig
TPOYLEG TWY TOPATIAVEW EQWTNUATWY.

No onuetvyoovpe mavtwe, 4Tt TAPOAO TTOL TETOLEG YEWWUETPLEG EYOLY
eEdeLl ™V QovTacior TWY QLOLXWY OAAL KOL TWY CUYYPAPEWY ETLOTY-
LOVLXNG QOVTACLOG, v DAOTTOINOY TOLG oTa TAaLoL NG TPEYoVTOG Oe-
wptog yta ™ Bopdtta, T eviny] Oewplor g Lyetixdtnrog, oy elvor
dvvoty. [a Ty xatoioxevy] Toug, M eElowon tov Einstein amowtel eEwTt-
%00 TOTTOL VA UE OOVYNTLXY] TTUXVOTNTO EVEQYELOS 1 OTtOLor OEY EXEL TTOL-
oatnonbel otn @evor. Enlong avopévetor GTL TETOLX XATUOXEVAOULOTO
Bo Mty ootabn amd ™y Topopxpn Statapoyn 0T YEWUETELo TToL Hox
TTPOXAOVYTOY OTtd A.Y. €va Tedio o Oa Emegte pog TNy TpvTTa. ‘ETot
%XATOoL0g ToELSELTYG OXOVLALXGTPLTIOG Oor TTPOoXAOVGE TALTOY POV KoL
TNV XOTAPEEVLGY] TNG. Av ToY SLYOTOV VO XATOUOXEVOGTOVY LOXOOOKO-
TUXEG OXOVALXOTPVTIES OL OTTOLES VO “AVTEYAY” TO TTEQUOULOL TTOPATNEYTWY
néoo amd avtég o eiyope ot to €E€Mg TapddoEo: Qo pmropodooue vo
XOVOV{OOLE O TOELOLOTNG TNG OXOVALXOTOLTIOG VoL BYEL OTTO TO AANO OTO-
LLO OE TPOYEVEGTEPO YPOVO, ETOL WOTE VO TPOAAPBEL YO CUVATNOEL TOV
EOVTO TOL TPLY UTIEL GTY] OXOVALXOTEULTIO. ['Lor TNV WA OPwsg awTd elvor
oA poavtootio. Asv €xel amoxAelotel QUG oxOUa Ol EEWTIXESG OUTEG
YEWUETPLES VO TPOLOLALOYTOL OE ULXPOOKOTUXO ETHUTESO WG XPOVTLXES
Stoxvpdvoelg g yewpetplog (spacetime foam tov A. Wheeler, Stafdote
70 evdla@époy BiAlo tou K.S. Thorne “Black Holes and Time Wraps:
Eistein’s Outrageous Legacy”, W.W. Norton, New York).



2 Adom
Opilovpe Tov dekl xO%AO ¢ OTTO TNY TAPOUUETOLXY] OXEOT,
x(&):;i+Rcos6, y(0) = Rsin@, —r<f<m, €))
XOL TOY 0PLOTEPD XOUAO Co OTTO TNV TTXPAUETOLXY] OYEOM
x(@):—;—Rcose, y(#) = Rsinf, —T<f<m. (2)

Ye xabe ypovix oTypn, TEowHodue T0 CWUATIOL0 CVULPWYL UE TLG
OYEOELS

T, = X1+ Ua;dt
Yi = Yi—1 +uydl

3)

i i =1,2,... pe dedouéva (o, o), to = 0 xow 600 t; < ty. Av To onueio
(i, ;) elvor extdg TV oplwy || = L/2, |y| = L/2 t0 emovopépovpe pe
TG oyéoelg xv; — x; = L, y; — y; £ L avahoya pe tnv mepintwon. Ta
onueio pe to (3Lo O otovg dVo xVOXAOLG TovTilovTaL, elval dNA. To [OLo
onuelor Tov XWEOL. Av To anuelo (x;,y;) TepdoeL péao otd Tov XO%AO ¢;
N co “Bydalovpe” 10 owpdTio €EW amtd TOV AANO xVUXAO.

To mépaopo péoo oTov xOXAO ¢ TO ETULONUALVEL 1 OYEDY

d ’ 2 2
2Ny TEPLTTWOoT o Ty LTTOAOYLoLUE TN YwVio O oTtd TN oYxéom
0 = tan* ( Y d) , (5)

xow To onuelo (x;,y;) amewxoviletor oto onueio (x,y.) 6oL

/ /

d
a:i:—§—Rcos0, Y=y, (6)
OTwe Qalvetol oto ynua 3. o v ametxdvion g TodTnTag v — U
vToAoYLlovUE TEWTO TaL SLAVVOOULOTO

, (D

Al

é.= cosfz + sinfy ¢ = —cosfz + sinfy
€y = sinfz + cosfy

.
g = —sinfzr + cosfy
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4
EXY]MOC 3: To owportidio Tepvdel péoa otov ekl xUxho c1 pe ToxOTTaL U o owodVETAL omtd TOY
c2 pe toydmTer 7. To oxtvixd / ywvioxd povadiaio Stavdopata (ér,€q). (€., ¢ép) TowTtilovtor amé Ty
TPOUETOLXN TAVTOTOINGY TWY dVO XOXAWY €1 XOL C2.

ETOL DOTE 7 TOYOTNTO
U:Urér—i-vgé@ — ﬂ:—vré;—Fvgé/@, (8)

OTTOL OL OXTLYLXEG OUYLOTWOEG U, = U - €, XOL Vg = U - €g. 'ETOL OL TEALXEQ
OYETELS TTOL oG dLvouy TN ToLTNTA “ovddvong” v elvot oL

v = vycost + wv,sind
vg = —Upsinf + v,cosd 9)
vl = wv.cosf + vpsinf
v, = —v,sinf + wvpcosd

Avdaroyo epyolOULaoTE XOL YLOL TO TTEQAUOUO LECA OTOV XVUXAO C2 TO
OTTOl0 TWPO ETLONUALVEL 1 OO

n%
(ZBZ' + 2) + yf < R?. (10)
2Ny TEPLTTWOoT o Ty LTTOAOYLLoLUE TN YwVia O oTtd TN oYéom
0=m— tan_l <y1d> s (11)

xoL To onpeio (x;,y;) ometxoviletar oto onueio (), y.) dmov
d
:L‘;:§+RCOSH, vl =y . (12)
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Mo v amewxdvion g ToxdT™Tog v — v vToAoYLLovUE TOL SLOVOOUATO

é. = —costzr + sinfy N é = cosfr + sinfy 13)
€g = sinfdz + cosfy ép= —sinfz + cosfy ’
€TOL WOTE 7] TOVTNT
T=v.6,+v9ég — U =—v,€6.+vgéy. (14)

Topa oL TeAxég oygoelg Tov pog divovy v ToydTNT “ovadvong” v
elvo ot

Uy = —Uycost + wv,sind

vy = vysinf + wv,cosf (15)
vl = —v,cos — wvpsinf

v, = —v,sinf + wycosb

Tow CLOTNUATIXA TPAALOTO TTPOEPYOVTAL LOVO OO TO. TTEQACUOTO
HETO OTN OXOLAXOTPLTL. AEV LTTAPYOLY CLOTNUATIXE CPAALOTO OTO
Tépaopa Ty opiwy x| = L/2, |y| = L/2 (yiarti;). Zxe@teite tpdmoug vou
TOL OWVTLULETWTILOETE OTO TEOYPOUULUA T0G XS xoL Vo ToL LEAETY|OETE.

Ov xAeLoTég TPOYLES TTOL {NTOVYTOL TTPOXVTTTOVY AY. OTTO TLG OEYLXES
ouvlTxeg

(SL’O,yo,’U(),qb) = (0,07 1,0) (16)

oL eVWVEL Tor onueio 1 tov Xynuoatog 2. Efvor aotabng, kot avtd pmo-
PElTE Vo TO Jeite TTalpvovTag ¢ — ¢ + €.

OL xAeLoTég TPOYLES TTOL TTEPVOLY TY] OXOVALXOTOUTIO, OAAGL “TtEQLTL-
Alyovto” TtpoxOTTTOUY ALY, OTtO TG 0PYIXES aLVOTXES

($07y071}07¢) = (_9,071,0)
(20, Yos Vo, @) = (2.5,—3,1,90°)

IOV TTEPVOVY aTtd 3 — 3 xo 2 — 2 — 4 — 4 avtiotorya. Eivow emiorng
ootobdeic 6w edvxoio pmopel va peAetnbel pe to TEodYpoppo Tov Ho
Yodete. To Tpdypoppor avTd TOPATIOETOL TTOPOXATW YLt TTANEOTYTOL

program WormHole2D
implicit none

C Declaration of variables
real*8 PI
parameter (PI=3.14159265358979324D0)
real*8 Lx,Ly,L,R,d



real*8 x0,y0,v0,theta

real*8 t0,tf,dt

real*8 t,x,y,vx,vy

real*8 xcl,ycl,xc2,yc2,rl,r2

integer i

Ask user for input:

print *,'# Enter L,d,R:'

read(*,*)L,d,R

printx,'# L= ',L,' d= ',d,' R= ',R

if( L .le. d+2.0DO*R) stop 'L <= d+2xR'

if( d .le.  2.0D0*R) stop 'd <=  2*R'

print *,'# Enter (x0,y0), vO, theta(degrees):'
read(5,*)x0,y0,v0,theta

print *,'# x0= ',x0,' yO = ',y0

print *,'# vO= ',v0,' theta= ',theta,' degrees'
if(vO .le. 0.0DO ) stop 'illegal value of vO.'
print *,'# Enter tf, dt:'

read (x,*)tf,dt

print *,'# tf= ',tf,' dt= ',dt

Initialize

theta = (PI/180.0D0)*theta
i = 0

t = 0.0D0

X = x0

y = y0

VX = vO*cos(theta)

vy = vO*sin(theta)

print *,'# x0= ',x, ' Yo= ',Y,' vOx= ',vx," Voy= ';Vy
Wormhole's centers:

xcl = 0.5D0*d

ycl = 0.0D0

xXC2 = -0.5D0*d

yc2 = 0.0D0

Box limits coordinates:
Lx = 0.5D0*L

Ly = 0.5D0*L

Test if already inside cut region:
rl sqrt ((x-xcl) *x2+(y-ycl) x*2)
r2 sqrt ((x-xc2) *x*2+(y-yc2) **2)



if( r1 .le. R ) stop 'rl <= R'
if( r2 .le. R ) stop 'r2 <= R'

C Test if outside box limits:
if (ABS(x) .ge. Lx) stop 'lx| >= Lx'
if (ABS(y) .ge. Ly) stop 'lyl >= Ly
open(unit=11,file='Wormhole.dat"')

C Compute:
do while( t .1t. tf )
write(11,*)t,x,y,vx,vy
i =i+l
t ixdt
X =X + vxxdt
y =7y + vykdt
C Toroidal boundary conditions:
if( x .gt. Lx) x =x - L
if( x .1t. -Lx) x = x + L
if(y .gt. Ly) y=y-1L
if(y .1t. -Ly) y =y + L
C Test if inside the cut disks
rl = sqrt((x-xcl)**x2+(y-ycl)**2)
r2 = sqrt((x-xc2)**2+(y-yc2)**2)
if( r1 .1t. R)then
C Notice: we pass rl as radius of circle, not R
call crossCl(x,y,vx,vy,dt,rl,d)
else if( r2 .1t. R)then
call crossC2(x,y,vx,vy,dt,r2,d)

endif
C small chance here that still in C1 or C2, but OK since
C another dt-advance given at the beginning of do-loop
enddo !do while( t .1t. tf )
end

C CCCCcCCcreeeeeeeeeeeeeeeeeeeeeececeececeeececeeeeccecceceeecceecccececcececcceccececce
subroutine crossCl(x,y,vx,vy,dt,R,d)
implicit none
real*8 x,y,vx,vy,dt,R,d
real*8 vr,v0 !vO -> vtheta
real*8 theta,xc,yc
print *,'# Inside C1l: (x,y,vx,vy,R)= ',x,y,vx,vy,R
XC 0.5D0*d !center of Ci1
ycC 0.0DO



theta = atan2(y-yc,x-xc)

X = -xc - Rxcos(theta) !new x-value, y invariant
C Velocity transformation:

vr = vx*cos(theta)+vy*sin(theta)

v0 = -—vx*sin(theta)+vy*cos(theta)

VX = vrxcos(theta)+vO*sin(theta)

vy = -vr*sin(theta)+vO*cos(theta)
C advance x,y, hopefully outside C2:

X = x + vx*xdt

y =y + vyxdt

print *,'# Exit C2: (x,y,vx,vy )= ',X,y,VX,Vy
end
C CCCCCCreeeeeeeeeceeeeeeeeeceeceeeeeceeeecceececcceececececcececcceccecccccececceccc
subroutine crossC2(x,y,vx,vy,dt,R,d)
implicit none
real*8 PI
parameter (PI=3.14159265358979324D0)
real*8 x,y,vx,vy,dt,R,d
real*8 vr,vO !vO -> vtheta
real*8 theta,xc,yc

print *,'# Inside C2: (x,y,vx,vy,R)= ',x,y,vx,vy,R

Xc = -0.5D0*d !center of C2

yc = 0.0D0

theta = PI-atan2(y-yc,x-xc)

X = -xc + R*cos(theta) !mew x-value, y invariant
C Velocity transformation:

vr = —vx*cos(theta)+vy*sin(theta)

v0 = vx*sin(theta)+vy*cos(theta)

VX = -vr*xcos(theta)-vO*sin(theta)

vy = -vr*sin(theta)+vO*cos(theta)
C advance x,y, hopefully outside C1:

X = X + vx*xdt

y =y * vyxdt



print *,'# Exit Cl: (x,y,vx,vy )= ',X,y,VX,Vy
end

To TEOYPOLUO LETOYAWTTILETAL XL TPEYEL XOTA TO YVWOTH. XTO OU-
v03eLTLXO AoYLoutxo Oo Bpeite Ta opyeior Wormhole . csh xoit Wormhole_animate.gnu
TTOL LTTOPOVY Vo oo Boninoovy oty amelxdvLon NG TPOYLAS. EEXLYNOTE
7o gnuplot, 0éote Tig embuunTég TOpapéTPoLE GTO Wormhole. csh xou
dWOTE TLG EVTOAEG

gnuplot> file = "Wormhole.dat"

gnuplot> R=1;d=5;L=20;

gnuplot> ! ./Wormhole.csh

gnuplot> t0=0;dt=0.2;load "Wormhole_animate.gnu"
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